QUANTIFICATION OF THE RECIPROCAL DUNFORD-PETTIS 

PROPERTY 
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Abstract. We prove in particular that Banach spaces of the form Cq(Q), 
where Q is a locally compact space, enjoy a quantitative version of the recip- 
rocal Dunford-Pettis property. 



1. Introduction 

A Banach space X is said to have the Dunford-Pettis property if, for any Banach 
space Y every weakly compact operator T : X — > Y is completely continous. 
Further, X is said to have the reciprocal Dunford-Pettis property if, for any Banach 
space Y every completely continous operator T : X — » Y is weakly compact. 

Let us recall that T is weakly compact if the image by T of the unit ball of X 
is relatively weakly compact in Y. Further, T is completely continous if it maps 
weakly convergent sequences to norm convergent ones, or, equivalently, if it maps 
weakly Cauchy sequence to norm Cauchy (hence norm convergent) ones. 

In general, these two classes of operators are incomparable. For example, the 
identity on ^2 is weakly compact (due to reflexivity of £2) but not completely con- 
tinuous. On the other hand, the identity on l\ is completely continuous (by the 
Schur property) and not weakly compact. 

It is obvious that reflexive spaces have the reciprocal Dunford-Pettis property 
(as any operator with reflexive domain is weakly compact) and that the Schur 
property implies the Dunford-Pettis property (as any operator defined on a space 
with the Schur property is completely continuous). Moreover, the space i 1 (/u) has 
the Dunford-Pettis property for any non-negative u-additive measure /x by (see |13[ 
Theorem 1] or [21 P- 61-62]). The space Cn(f2), where f2 is a locally compact space, 
has both the Dunford-Pettis property and the reciprocal Dunford-Pettis property 
(see [H P- 153, Theorem 4]). 

In the present paper we investigate quantitative versions of the reciprocal Dun- 
ford-Pettis property. It is a kind of a continuation of a recent paper |17j where 
quantification of the Dunford-Pettis property is studied. It is also related to many 
results on quantitative versions of certain theorems and properties. In particular, 
quantitative versions of Krein's theorem were studied in [71 112[ [TO! 15], quantitative 
versions of Eberlein-Smulyan and Gantmacher theorems were investigated in [2], a 
quantitative version of James' compactness theorem was proved in [H[TT], quan- 
tification of weak sequential continuity and of the Schur property was addressed in 

nana. 
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The main idea behind quantitative versions is an attempt to replace the re- 
spective implication by an inequality. So, in case of the reciprocal Dunford-Pettis 
property we will try to replace the implication 

T is completely continuous =>■ T is weakly compact 

by an inequality of the form 

measure of weak non-compactness of T 

< C ■ measure of non-complete-continuity of T. 

We will use the same quantities as in [T7] and in addition some equivalent ones. 

In [17] it is proved, in particular, that both spaces and Cq(O) spaces 

enjoy the strongest possible version of quantitative Dunford-Pettis property In the 
present paper, we show that Co(fi) spaces have also a quantitative version of the 
reciprocal Dunford-Pettis property. 

2. Preliminaries 

In this section we define the quantities used in the present paper and recall some 
known relationships between them. Most of the quantities we investigate are taken 
from [17j but we will need a few more. 

We will need to measure how far a given operator is from being weakly compact, 
completely continuous or Mackey compact. 

Our results are true both for real and complex spaces. In the real case sometimes 
better constants are obtained. By F we will denote K. or C, depending on whether 
we consider real or complex spaces. 

2.1. Measuring non-compactness of sets. In this subsection we define mea- 
sures on non-compactness, weak non-compactness and Mackey non-compactness of 
sets. We start by recalling the Hausdorff measure of non-compactness in metric 
spaces and one of its equivalents. 

Let (X, p) be a metric space. If A, B C X are two nonempty sets, their non- 
symmetrized Hausdorff distance is defined by 

d(A, B) = sup{dist(x, B) : x £ A}. 

The Hausdorff measure of non-compactness of a nonempty set A C X is defined by 

X(A) = inf |d(A, F) ; F C X finite} . 

Then x(A) = if and only if A is totally bounded. In case (X, p) is complete this 
is equivalent to relative compactness of A. We will need the following "absolute" 
equivalent: 

Xo(A) = inf {d(A, F) : F C A finite} . 

The quantity Xo(A) depends only on the metric stucture of A itself, not on the 
space X where it is embedded. It is easy to check that 

(1) X(A) < Xo(A) < 2*04) 

for any nonempty set A C X . 
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If X is a Banach space and A C X a nonempty bounded set, we define the 
following two measures of weak noncompactness of A: 

lj(A) = inf |d(yl, K) : K C X weakly compact j , 

wk x {A) = d (A 1 "' , x) . 

The quantity is the de Blasi measure of weak noncompactness introduced in 

[B] and later investigated for example in [3] [21 [U] ■ The quantity wkx (A) was used 
(with various notations) for example in [71 El H21 HH1 [ID El [S El H]- These two 
quantities are not equivalent (see [SHI [17]), while there are several other natural 
quantities equivalent to the second one (see the papers quoted above). In general 
we have the following inequalities 

(2) wk x {A) < u(A) < X {A) 

for any nonempty bounded subset A C X. These inequalities are easy, the first one 
is proved for example in [2]. The second one is obvious as finite sets are weakly 
compact. 

Although the quantities u>(A) and wkx (A) are not equivalent in general, in some 
spaces they are equal. In particular, by |17[ Proposition 10.2 and Theorem 7.5] we 
have 

X = c (r) or X =L (fJ,) for a non-negative c-additive measure /j, 

=> wkx {A) = u>(A) whenever A C X is bounded. 

We continue by measuring Mackey non-compactness. Let X be still a Banach 
space. Suppose that A c X* is a nonempty bounded set. Let us recall that the 
Mackey topology on X* is the topology of uniform convergence on weakly compact 
subsets of X. Moreover, the Mackey topology is complete, hence relatively compact 
subsets coincide with totally bounded ones. So, A is relatively Mackey compact if 
and only if 

A\ L = {x*\ L :x* EA} 

is totally bounded in i^L) for each weakly compact set Lcl. This inspires the 
following definition: 

Xm{A) = sup{xo(A\ L ) ■ L C B x weakly compact}. 

This quantity measures Mackey non-compactness in the sense that Xm{A) = if 
and only if A is relatively Mackey compact. 

2.2. Measuring of non-compactness of operators. Let T : X — > Y be a 

bounded operator. Since T is compact (weakly compact) if and only if TBx is rel- 
atively compact (relatively weakly compact) in Y, it is natural to measure (weak) 
noncompactness of T by a quantity applied to TBx- To simplify the notation we 
set 

X (T) = x(TB x ) lX o(T) = xo(TB x )^(T) = Lu(TB x ),wk Y (T) = wk Y (TB X ) . 
Similarly, if Y = Z* for a Banach space, we set 

Xm{T) = Xm(TB X )- 
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There are quantitative versions of Schauder's and Gantmacher's theorems on 
compactness and weak compactness of the dual operators. More precisely, if T : 
X — > Y is a bounded linear operator, we have 

(4) \x{T*) < X (T) < 2 X (T*), \ X o(T*) < X o(T) < 2 Xo (T*), 

(5) X - wk x * (T*) < wky (T) < 2 wk x , (T*) , 

(6) the quantities lo(T) and lo(T*) are incomparable in general. 

The first part of (j4]) follows from [9], the second part follows for example from 
Lemma l4~4l below applied to the identity operator on X and A = Bx- The assertion 
(|5|) follows from [2j Theorem 3.1]. The last assertion is proved in [3j Theorem 4]. 

2.3. Measuring non-complete-continuity. In this subsection we introduce two 
quantities which measure how far an operator is from being completely continuous. 
The first one is that used in [17] and it is based on the definition of complete 
continuity given in the introduction. Let us start by defining a quantity measuring 
how far a given sequence is from being norm-Cauchy. 

Let (xk) be a bounded sequence in a Banach space. Following [TBJ[T7] we set 

ca (xfc) = inf sup-Hlx^ — xA\ : k,l > n}. 

It is clear that ca {xk) = if and only if (xk) is norm-Cauchy. 

Further, let T : X — > Y be a bounded operator between Banach spaces. Follow- 
ing [T7] we set 

cc(T) = sup{ca (Txk) '■ ipok) is a weakly Cauchy sequence in Bx}- 

It is clear that T is completely continuous if and only if cc(T) = 0. 

We will need one more equivalent quantity. This is inspired by an equivalent 
description of completely continuous operators. The operator T is completely con- 
tinuous if and only if T(L) is norm-compact for any weakly compact set L C X. 
Such operators are sometimes called Dunford-Pettis, so we will use the following 
notation. 

ccdp(T) — sup{xo(T L) : L C Bx weakly compact}. 
The two quantities are equivalent. More precisely, we have 

(7) cc^p (T) < cc(T) < 2 cc DP (T) 

Let us provide a proof. Suppose that ccdp(T) > c > 0. Fix a weakly compact 
set L C Bx with \o(TL) > c. It is easy to construct by induction a sequence (yk) 
in TL with \\yk — yi\\ > c for any 1 < I < k. Let Xk £ L be such that Txk = yk- 
By weak compactness of L we can without loss of generality suppose that (xk) is 
weakly convergent and hence weakly Cauchy. Since ca (Txk) > c, we get cc(T) > c. 
This completes the proof of the first inequality. 

To show the second one, suppose cc(T) > c > 0. Let (xk) be a weakly Cauchy 
sequence in Bx with ca(Txk) > c. We can find two sequences (mj.) and (n^) 
of natural numbers such that for each k £ N we have mj. < < rrik + i and 
\\Tx rik - Ta: m J| > c. Set y k = \{x nh - x mk ). Then (y k ) is a weakly null sequence 
in Bx and hence L = {yk : k £ N} U {0} is a weakly compact subset of Bx- 

We claim that X q(TL) > %. Suppose not. Then there is a finite set F C TL and 
with d(TL, F) < ~. Since F is finite, there is h £ F and a subsequence (t/fcj such 
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that \\Tyk, — h\\ < | for each / 6 N. Since (Ty^, — h) weakly converges to — h, we 



So, [[Tyfe, || < | for each J £ N. But this is a contradiction with the choice of the 
sequence (yk)- 

Therefore xo{TL) > | and so ccdp(T) > f. This completes the proof of the 
second inequality. 



Our first main result is the following theorem which says that spaces Co(Q) enjoy 
a quantitative version of the reciprocal Dunford-Pettis property. The formulation 
combines this result with a result of |17j on the quantitative Dunford-Pettis prop- 
erty. We thus get that for operators defined on a Co (SI) space the weak compactness 
and complete continuity are quantitatively equivalent. 

Theorem 3.1. Let X = Cq(Q), where Q is a Hausdorff locally compact space. Let 
Y be any Banach space and T : X — > Y be a bounded linear operator. Then we 
have 



In case of real-valued functions the constant n in the above inequalities can be 
everywhere replaced by the constant 2. 

This theorem says, in particular, that the quantities cc(T), wky (T), wkx* (T*) 
and uj{T*) are equivalent for any bounded linear operator T : Co (SI) — > Y. 

The first inequality, as well as the last one follows from ([5]). The two equalities 
follow from © as C (S1)* is of the form L 1 (fj,). The inequality cc(T) < 2lo{T*) 
follows from jTTJ Theorem 5.2] as Co (SI) has the Dunford-Pettis property. The 
inequality ccdp{T) < cc(T) follows from ([7]). 

Finally, the main new result is the inequality ^lu(T*) < ccrjp(T) which follows 
from Theorems 14.11 and 15.11 below. 

It is natural to ask whether also the quantity co(T) is equivalent to the remaining 
ones. The answer is positive in case f2 is scattered. Indeed, then X* is isometric to 
£i(ft) and hence we can use [T71 Theorem 8.2]. 

In general the answer is negative as witnessed by the following example. 

Example 3.2. There is a separable Banach space Y such that for any uncountable 
separable metrizable locally compact space £1 there is a sequence (T n ) of bounded 
operators T n : Cq(O) — > Y such that 




3. Main results 



— wky (T) < cc(T) < 4 wk Y (T) . 

47T 

More precisely, the following inequalities hold: 



■jj- wky (T) < -!- wk x , (T*) = ^-w(T*) < cc DP (T) 
4lTT 2ir z7r 



< cc(T) < 2w(T*) = 2 wk x * (T*) < 4 wky (T) . 




cc(T„) 
lim — - — - 

n->oo uj\T n ) 



= 0. 



This example is proved in Section [S] below. 
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4. Complete continuity and Mackey compactness 

In this section we prove a quantitative version of a particular case of |13( Lemma 
2] . The quoted lemma implies that an operator T : X — > Y is completely continuous 
if and only if its adjoint T* is Mackey-compact (i.e., T*(By) is relatively Mackey 
compact in A"*). A quantitative version is the following theorem. 

Theorem 4.1. Let X and Y be Banach spaces and T : X — > Y an operator. Then 

\x m {T*) < cc DP (T) < 2 Xm (T*) 

The proof of this theorem is done by a refinement of the arguments in [T3] . The 
first tool used in [T3] is the Arzela-Ascoli theorem. We will use its quantitative 
version for a special case of 1-Lipschitz functions on a metric space. It is contained 
in the following lemma. 

Lemma 4.2. Let (M, p) be a metric space and A C & 00 (M) be a bounded set formed 
by 1-Lipschitz functions. Then Xo{A) < 2xo(M). 

Proof. Fix an arbitrary c > X q(M) and e > 0. Then there is a finite set F C M 
such that d(M,F) < c. Let us define the mapping $ : A -> F F by $(/) = f\ F 
for / G A. Let us equip F F with the norm. Then <f>(A) is a bounded subset of 
¥ F , so it is also totally bounded (as F is finite) . It follows that there is a finite set 
B cA such that d($(A), $(£)) < e. 

We will show that d(A, B) < 2c + e. To this end take an arbitrary / g A. By the 
choice of B there is some g £ B with ||$(/) — ^KflOH < £■ Fix an arbitrary x G M. 
We can find xq & F with p(xo,x) < c. Then 

\f(x) - g(x)\ < \f(x) - f(x )\ + \f(x ) - g(x )\ + \g(x ) - g(x)\ 
< p{x,x ) + \\$(f)-$>(g)\\+ P (x ,x) <2c + e. 

Hence ||/ — g\\ < 2c + e, so dist(/, B) <2c + e. Since / G A is arbitrary, we get 
d(A,B) < 2c + £, in particular Xo(A) < 2c + e. Finally, since c > Xo(M) and e > 
are arbitrary, we get X o(A) < 2xo(M). □ 

The next lemma is a quantitative version of a part of [131 Lemma 3]. It is 
formulated in a very abstract setting. 

Lemma 4.3. Let A be a nonempty set, B a nonempty bounded subset of £oo(A). 
Let <p : A — > i^B) be defined by 

ip(a)(b) = 6(a), a G A, b G B. 

Then 

\xo(B) < X o(<p{A)) < 2 Xo (B). 

Proof. It is clear that ip(A) is a bounded subset of £oo(B). Moreover, it is formed 
by 1-Lipschitz functions. Indeed, let a G A be arbitrary. Fix 61,62 G B. Then 

|p(o)(6i) - <p(a)(b 2 )\ = \h(a) - 6 2 (a)| < \\h -b 2 \\. 

So, by Lemma 14.21 we have 



Xo(<p(A)) < 2 X0 (B). 
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To show the second inequality, let us define a canonical embedding ip : B — > 

ioo(<p(A)) by 

ip(b)((p.(a)) = 6(a), b e B, a e A. 

This is a well-defined mapping. Indeed, if ai,a 2 € A are such that <^(ai) = ^(02), 
then for any b 6 _B we have 

6(ai) = p(ai)(&) = <y9(a 2 )(6) = 6(a 2 ). 

Moreover, ip is an isometry of B onto ip(B). Indeed, let 61,62 G -B be arbitrary. 
Then 

||^(6i) - ^(6a)|| = Bup{|V(6i)(a?) - ^(6 2 )(a;)| : x € y>(A)} 

= sup{|^(6 1 )(^(a)) - ^(6a)(p(o))| :«ei} 

= sup{|6i(a) - 6 2 (a)| : a 6 A} = \\b 1 - 6 2 ||. 

It follows that V'(-B) is isometric to B. Moreover, ip(B) is a bounded subset of 
^oo(v( j 4)) made from 1-Lipschitz functions (the argument is the same as the one 
used above in the proof of the first inequality). Hence, using Lemma 14.21 we get 

Xo(B)= X o(<>P(B))<2x (cp(A)). 

This completes the proof. □ 

The next lemma is a quantitative version of [131 Lemma 2] applied to a single 
set rather than to a family of sets. 

Lemma 4.4. Let T : X — s- Y be an operator between Banach spaces. Let A C X 
be a bounded set. Let ip : X* — > iodA) denote the restriction mapping. Then 

\xv(TA) < xM(T*B Y ,)) < 2 X0 (TA). 

Proof. Let us denote by k the canonical embedding of Y into £oa{By). Let us 
define an embedding ip : By* — > £oo(k(TA)) by 

<p(y*)(K(y)) =y*(y), ye TA, y* e B Y , . 

Using Lemma 14.31 and the fact that k is an isometry, we obtain 

\xo(TA) < xo{v{By-)) < 2xo(TA). 

Further, ip(T* By) is isometric to (p(By). Indeed, the mapping a : ip(By*) — > 
ip(T*By) defined by 

a(tp(y*))=ip(T*y*), y* £ By , 
is an onto isometry. Let yl , y 2 £ By be arbitrary. Then 

U{T*yl) - V>(T*y*)|| = sup{|(T*rf)(a) ~ (T*y* 2 )(a)\ : a e A} 

= sup{|»;(To) - y* 2 (Ta)\ : a e A} = ||^(„f) - ^(y*)||. 

It follows that a is a well-defined isometry. Moreover, it is clear that it is surjective. 
Hence we get Xo{ip{T*B Y *)) = Xo{(p(By)). So, 

\xo(TA) < X o(ip(T*By)) < 2 Xo (TA). 

and the proof is completed. □ 

Now we are ready to proof the theorem. 
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Proof of Theorem \4-l\ The inequalities follow from Lemma 14.41 by taking supre- 
mum over all weakly compact sets A C Bx ■ O 



5. Weak compactness and Mackey compactness in spaces of measures 

Within this section f2 will denote a locally compact space and M.{Vl) will be the 
space of all finite Radon measures on VL equipped with the total variation norm 
and considered as the dual space to Cq{£1). We will consider simultaneuously the 
real version (i.e., Co(ri) are real- valued functions and M{£1) are signed measures) 
and complex version (i.e., Co(il) are complex functions and .A4(f2) are complex 
measures) of these spaces. 

We will prove a quantitative version of a result of [JJ5] saying that in A4(Ct) 
weakly compact sets coincide with Mackey compact ones. In [13] this result is 
hidden in Corollary to Theorem 2 on page 149 and in the first two lines on page 
150. The promised quantitative version is the following theorem. 

Theorem 5.1. Let A C Ai(fl) be a bounded set. Then 



In case of real measures, the constant 7r can be replaced by 2. 

The first step to the proof is a quantiative version of a modification of [131 The- 
orem 2] . In the quoted theorem several equivalent conditions for weak compactness 
of a subset of A4(Q) are summarized. We will prove quantitative versions of some 
of them and of some others. They are contained in the following proposition. 

Let us comment this result a bit. The second quantity is inspired by condition 
(2) of [El Theorem 2]. The first inequality follows directly from [13]. The third 
quantity is inspired by condition (3) of the quoted theorem. The second inequality 
is easy and is done by copying the respective proof from |13] . 

It is also easy to quantify the implication (3)=>(4) from |13j . but we were not 
able to quantify the last implication saying that the condition (4) implies weak 
compactness. Instead, we used the fourth quantity. The proof of the third inequality 
required a new idea. The last inequality is proved using technics from |17j . 

Proposition 5.2. Let A be a bounded subset of A4(ft). Then 



^Xm(A) <ui(A) <n Xm {A). 



oj(A) 



VI 




VI 




V 




(Fk) is a sequence of 

pairwise disjoint compact subsets of f2 



VI 
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Proof. The first two inequalites easily follow from [13]. Indeed, let (fk) be any 
weakly null sequence in Bc (n)- Fix & n arbitrary c > <-<j(A). Then there is a weakly 
compact set H C M(fl) such that A C H + cB, where B denotes the unit ball of 
M(Q). By [H Theorem 2] 



lim / fk dfi = uniformly for fj, G H. 



Thus 



lim sup sup 

k— >oo /iEA 



/ 



fk d/i 



< lim sup sup 

k— >aa u£H-\-cB 

< lim sup I sup 

< lim sup sup 

k— >oo \[J,£H 



fk dn 



Since c > ui(A) is arbitrary, we get 

lim sup sup 

k-^oo /iEA 



fk dfi 



fkdfi 



fkdfi 



< u(A), 



c sup 



so the first inequality follows. 

Let us show the second inequality. If the third quantity is zero, the inequality 
is obvious. So, suppose that the quantity is strictly positive and fix an arbitrary 
smaller positive constant c. Then there is a sequence (Uk) of pairwise disjoint open 
sets in fi and a sequence (/Life) in A such that \[ik(Uk)\ > c for each k £ N. For each 
k G N we can find a continuous function ff. : Cl — > [0, 1] supported by a compact 
subset of Uk such that \J fkd/j,k\ > c. Since (/&) is a bounded sequence in Co(f2) 
which pointwise converges to zero, it is weakly null. This completes the proof of 
the second inequality. 

Let us proceed with the third inequality. Obviously, it is enough to prove the 
following lemma. 

Lemma 5.3. Let (uk) be a bounded sequence in A4(Q), let (Fk) be a sequence of 
pairwise disjoint compact subsets oftt. Let c > be such that \/j,k(Fk)\ > c for each 
k G N. Then for any e > there is a subsequence (fJ>k n ) and a sequence (U n ) of 
pairwise disjoint open subsets such that |/ifc„(C/„)| > c — e for each n G N; 

Proof. Let (fik), (Fk) and c satisfy the assumptions. Let e > be arbitrary. Set 

7 = sup{||^ fe || : k G N} 

and find TV G N with < We will construct by induction for each n G 



a 



N • 7 

natural number fc„, sets of natural numbers M n and an open set U n C £1 such that 
the following conditions are satisfied for each n G N: 

• k n G M n , 

• M n+1 C M n \ {k n }, M n+ i is infinite, 

• \tik\(F k f)U n ) < ^ for each k G M n +i, 

• Un n TTj = for j < n, 



• \Vk n (U n )\ > c-e. 
We start by setting Mi 



N. 



Suppose that n G N and that we have already constructed Mj for j < n and kj, 
Uj for j < n. Since M n is infinite, wc can fix a subset H C M n of cardinality 2 n N. 
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We can find open sets (Vh)heH with pairwise disjoint closures such that Ft C Vh 
for each h G H. 

For any k G M n \ H there is some h(k) G H such that \nk\ (Fk Vh(k)) < -§;■ 
Fix k n S H such that 

M n+1 = {ke M n \ H : h(k) = k n } 

is infinite. 

By the induction hypothesis we have \Hk n \{Fk n nlT,-) < for any j < n. It 
follows that \^k n {Fk n \ Uj<n > c — e. It follows that there is a compact set 
L C Fk n \ Uj<n Uj with (L) | > c — e. Finally, we can find an open set U n such 
that 

• LC U_n_d V kn , 

• U n n Uj = for j < n, 

• lA 1 fc„( c/ n)l > c-e. 

This completes the induction step and the lemma is proved. □ 

Now we come back to the proof of Proposition 15.21 It remains to prove the last 
inequality. If uj(A) = 0, it is trivial. Suppose that uj(A) > and fix an arbitray 
c e (0,uj(A)). We will proceed in three steps. 

In the first step we reduce the problem to a statement on L 1 spaces on a finite 
measure space. Since M(£l) is an L 1 space on a cr-additive non- negative measure 
(infinite, of course), by 117, Theorem 7.5] there is a sequence in A such that 
dist(clust A1 ( f2 )»« (^k)) > c. Set [i = J^'kLi ^ k \^k\- Then \i is a finite measure and 
L 1 ^) is canonically isometrically embedded into A4(fl) onto a subspace containing 
the sequence (^fe). Set A — {/i^ : k £ N}. By [TT1 Proposition 7.1], the quantity 
oj{A) is the same in Ai(fl) as in the subspace identified with i 1 (^t). In particular 
uj(A) > c in L l {pb). 

The second step will be the following lemma. 

Lemma 5.4. Let /i be a finite a -additive nonnegative measure and A C L 1 ^) be a 
bounded subset satisfying ui(A) > c > 0. Then for any e > there is a sequence ( fk) 
in A and a sequence (Hk) of pairwise disjoint measurable sets satisfying J H \fk\ > 
c — e for each k G N. 

Proof. We will use the construction from the proof of jTTJ Proposition 7.1]. Let B 
denote the unit ball of L°°(/i). Then B is a weakly compact subset of L 1 (/x) and 
hence d(A,aB) > u(A) > c for each a > 0. Set 7 = sup{||/|| : f € A}. We will 
construct by induction positive numbers a>k and functions fk G A such that 

• dist(/ fc ,a fc B) > c, 

• ttfe+l > Q!fc, 

• Se l/il d i" < #r whenever j < fc and < 

Set oti = 1. Having a^, we can find fk G A satisfying the first condition. Further, 
by absolute continuity we can find ctk+i > a.k such that the third condition is 
satisfied. This completes the construction. 

Set E k = {t : \fk(t)\ > a k }. Then 

/ |/fe|d/i = dist(/ fc ,a fc S) > c. 
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Further, (J,(Ek) < < It follows that for any j < k we have 

Finally, set Hk = Ek \ U«>fe E n - Then (Hk) is a sequence of pairwise disjoint 
measurable sets and 

/ \fk\dfi > j IMd/i-^/ 1 \f k \d(i>c-e. 
This completes the proof. □ 



Now we return to the proof of Proposition 15.21 Using the first step and the 
above lemma we obtained, given e > 0, a sequence (/J>k) in A (a subsequence of 
the sequence chosen in the first step) and a sequence (Hk) of pairwise disjoint sets 
which are measurable for each /ik such that \n\(Hk) > c — e. 

As the third step we will use the following lemma. 

Lemma 5.5. Let \i be a finite complex measure. Let H be a measurable set with 
\n\(H) > d > 0. Then there is a measurable subset H C H with \fj,(H)\ > — . 
If fi is real-valued, H can be found to satisfy \fj,(H)\ > |. 

Proof. The real- valued case is easy using the Hahn decomposition /i = /i + — ji~ . 

Let us prove the general case. Since > c, there are pairwise disjoint 

measurable sets D\, . . . , D p c H such that Y7j=i ImC^j)I > c - By [Ml Lemma 6.3] 

there is a subset J C {1, . . . ,p} such that YljeJ m(-Dj') > f • It is enough to take 
H = \J je j D r a 

Now we are ready to finish the proof. Find /immeasurable sets Hk C Hk with 
\fi>k(Hk)\ > and then a compact subset Fk C Hk with \Hk(Ek)\ > £ ~^- 

In case of real measures we can obtain \fik(Ek)\ > This completes the proof 
of the last inequality. □ 

The last lemma of this section is a quantitative version of p~3l p. 134, Corollary 
to Lemma 3]. 

Lemma 5.6. Let X be a Banach space and A C X* a bounded set. Then 

—Xm(A) < sup jlimsup sup |x*(xfc)| : (xk) is a weakly null sequence in Bx 
8 I. fe— >oo i*ei 

< Xm(A) 

Proof. Let (xf.) be a weakly null sequence in Bx- Set L = {0} U {xk : k £ N}. 
Then L is a weakly compact subset of Bx, so Xo^U) < Xm(A)- Let e > be 
arbitrary. Then there is a finite set F C A such that d(A|i, F\l) < Xm(A) +e. For 
each k s N we have 



Since 



sup |x*(x fc )| < sup |x*(x fc )| +x m (yl) +e. 

x*EA x*EF 



lim sup |x*(xfc) 
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we get 

limsup sup \x*(x k )\ < Xm(A) +e. 

Since e > is arbitrary, this completes the proof of the second inequality. 

Let us prove the first one. If Xm(A) = 0, the inequality is obvious. So, suppose 
that Xm(A) > c > 0. Fix a weakly compact set L C Bx such that Xo(A\l) > c. 
Let Lp : X — > t^A) be the canonical mapping defined by 

<p(x)(x*) = x*(x), xGX,x*eA. 

Further, let us define ip : L — > ^oo(^U) by 

ipo(x)(x* \l) = x*(x) x € L,x* € A. 

It is clear that ipo is well defined and that ipo(L) is isometric to y>(L). By Lemma [4.3l 
we have xo{<Po{L)) > |, hence also xo(<p(L)) > |. Therefore, we can construct by 
induction a sequence (xk) in L such that 

\\<p(x k ) -<p(xi)\\ > |, l<?<fc. 

Since L is weakly compact, we can suppose without loss of generality that the 
sequence (x k ) weakly converges to some x G L. Then 

\\ip(x k ) -<p(x)\\ > | 

for all k G N with at most one exception. So, suppose without loss of generality 
that it holds for each k G N. Hence, if we set yk = ^(x k — x), then (y k ) is a weakly 
null sequence in Bx and 

Q 

sup \x*(y k )\ = \\<p(y k )\\ > □< 

This completes the proof of the first inequality. □ 

Finally, we are ready to prove the theorem. 

Proof of Theorem \5.1\ Let A C -M(fi) be a bounded set. It follows from Proposi- 
tion 15.21 and Lemma 15.61 that 

^Xm(A) <U(A) <Tr Xm (A), 

The second inequality is the announced one, the first one still needs to be improved. 
So, suppose that oo(A) < c. Fix H C A4(ft) weakly compact such that d(A, H) < c. 
Then H is a bounded subset of M(iT) satisfying U)(H) = 0, hence also Xm{H) = 
(we apply the above inequality to H). 

Given L C Bc (n) weakly compact and e > 0, there is a finite set F C H such 
that d(H\ L ,F\ L ) < e. Then clearly d(A| L , F\ L ) < c + e, so x(A\l) < c + e. By Q 
we get xo(A\ L ) < 2(c+e). 

It follows that x„i(A) < 2c, so Xm(^) < 2w(A). This completes the proof of the 
first inequality. □ 
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6. Proof of Example 13.21 

Let A = { — 1,1} N be the Cantor space. Let Q be an uncountable separable 
metrizable locally compact space. Denote by K its one-point compactification. 
Then K is an uncountable metrizable compact space, therefore C{K) is isomorphic 
to C(A) by Milyutin's theorem [18] (see, e.g., p]| Theorem 2.1]). So, C (fi), which 
is a hyperplane in C{K) 1 is isomorphic to a hyperplane in C(A). Since hyperplanes 
in C(A) are isomorphic to C(A), we can conclude that Cq(VL) is isomorphic to 
C(A). 

Fix an onto isomorphism Q : Co(f2) — > C(A). Then 

^Bc(A) c Q(Boo(n)) c ||Q||S C(A) , 



HQ" 

and hence for any bounded opearator T : C(A) — > Y we have 
cc(TQ) < ||Q||cc(T), 
wk F (TQ) = wk y (TQ(B Co(n) )) < wk y (T(\\Q\\B C(A) )) = \\Q\\ wk Y (T) , 

u{TQ) = c(TQ(B Co(n) j) > u (t ^J— Bc( a))) = ]jg^( T )- 

It follows that it is enough to restrict ourselves to the case il = A. 

Let \x denotes the product probability measure on A. I.e., fi is the countable 
power of the uniform probability measure \{5\ +d-%) on the two-point set { — 1,1}. 
Let us define an equivalent norm || • ||„ on C(A) by 

ll/ll» = -11/11+ / 1/ldM, feC(A). 
n J A 

Set Y n = (C(A), || • || „) and let 

\ neN ) CQ 

be the co-sum of the spaces Y n . 

Let Q n : C(A) — > Y n be the identity mapping, I n : Y n — > Y the canonical 
inclusion made by completing by zeros and P n : Y — > Y n be the canonical projection. 
Let us define T n = I n Q n . Then T n is an operator from C(A) to Y . The proof will 
be completed if we show that 

-!- wky (T n ) < CC(T„) < -, w(T„) > \. 
An n 2 

The first inequality follows from Theorem 13.11 Let us show the second one. Let 
(/it) be a weakly Cauchy sequence in i?c(A)- Then the sequence (/&) pointwise con- 
verges to a (not necessarily continuous) function /. Since the sequence is uniformly 
bounded, the Lebesgue dominated convergence theorem shows that 



fc- 



lim / |/ fc -/|d/i = 0. 



A 



In particular, (/&) is Cauchy in the norm of L x (/i). Thus, given e > there is 
ko S N such that whenever k, I > fco we have \\fk — /illi 1 ^) < £, hence 

||/fc -/«||n =-||/*- //II + / \fk-fi\dfi< -+e. 

n J A n 
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It follows that for each neNwe have 

2 

ca (T n f k ) = ca {Q n fk) < - + e. 

n 

Since e > is arbitrary and (/&) is an arbitrary weakly Cauchy sequence in i?c?(A)) 
we obtain cc(T„) < 

We finish by proving the third inequality. We will prove it by contradiction. 
Suppose that w(T n ) < c < \. Let us fix a weakly compact set L C Y with 

d(T n (B C (A)),L ) < c. Since T n {B C {&)) C /„(T„), we have 

d(Q„(B c(A) ),P„(Z )) < d(T n (S c(A) ),io) < c. 

Set L = P„(Lq). Then L is a weakly compact subset of Y n . 

For any fc G N let 7Tfc : A — > { — 1, 1} be the projection on the fc-th coordinate. It is 
a continuous function from -Bc(A)- So, there is yk £ L such that Q n {^k)\\n < c. 
Since L is weakly compact, there is a subsequence {ykj) weakly converging to some 
y G L. Set //.. = Q^ 1 (y/c j )- Since Q n is an isomorphism, the sequence (/&•) is 
weakly convergent in C(A). So it is uniformly bounded and pointwise convergent, 
hence by the Lebesgue dominated theorem it is Cauchy in the L 1 norm. Let < 
e < 1 — 2c. Fix jo such that for i,j> jo we have 

/ \fk, -/ fej |d^<£. 

J A 

Fix i > j > jo- Then 




< / kfci -/fei|d/«+ / l/fei - | d/x + / |/ fej -7T fc Jd/i 

J A JA JA 

< ||<9n(7Tfc 4 ) -J/fcJ| +£+ Hj/fc^ -<3«0"fc 3 )ll < 2c + £, 

which is a contradiction completing the proof. 

7. Final remarks and open questions 

The first natural question is the following one: 

Question. Are the constants in the inequalities in Theorem \3.1\ ovtimal? 

Another natural problem concerns other spaces with the reciprocal Dunford- 
Pettis property. 

Question. Is there a Banach space which enjoys the reciprocal Dunford- Pettis prop- 
erty but not a quantitative version? 

By a quantitative version we mean the existence of a constant C such that the 
inequality 

wky (T) < C ■ cc(T) 
holds for any operator T : X — > Y. 

Let us remark that for the Dunford-Pettis property there is a quantitative version 
which is automatically satisfied, see [17l Theorem 5.2]. We do not know whether a 
similar thing holds for the reciprocal Dunford-Pettis property. Our proofs strongly 
used the structure of Co(r2) spaces. 

Let us explain what seems to be a difference between these two properties. 
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It follows from [13j Proposition 1] that 
X has the Dunford-Pcttis property 

(9) 

<^> any weakly compact subset of X* is Mackey compact. 
Futher, [T21 Proposition 8] implies that 

X has the reciprocal Dunford-Pettis property 
^ any Mackey compact subset of X* is weakly compact. 

Hence, suppose that X has the Dunford-Pettis property. Then any bounded set 
A C X* satisfies Xm{A) < 2u>(A), see the final part of the proof of Theorem 15.11 
And this yields an automatic quantitative version of the Dunford-Pettis property. 

We are not able to proceed similarly for the reciprocal Dunford-Pettis property. 
If X has the reciprocal Dunford-Pettis property and A C X* is bounded, we do 
not know how to control u>(A) by X m (A). We know that any Mackey compact is 
weakly compact, thus, if we define 

uj m (A) = inf{d(^4, H) : H C X* Mackey compact}, 

we obtain u(A) < Li m (A). But it is not clear, whether u> m (A) can be controlled 
by Xm{A). (Conversely, Xm{A) < 2uj m (A) by the final part of the proof of Theo- 
rem EHJ) This inspires the following question: 

Question. Is the quantity u) m defined above equivalent to x-m ? 

For X — Co(f2) it is the case by Theorem 15. II But the proof essentially used the 
structure of X. We do not know the answer for general Banach spaces. 
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